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Potentials of mean force between nonuniformly charged colloids or globular proteins are often estimated as
a pairwise sum of distinct orientation averages for chadjpole and dipole-dipole interactions. In systems

with dipole-related interactions comparable to or exceeding the thermal energy, however, correlations between
charge-dipole and dipole-dipole terms can render the additivity assumption highly inaccurate. On the basis
of the third-order cumulant expansion of intercolloidal interactions, we derive an asymptotically exact relation
for the potential of mean force that includes the correlation between distinct contributions. Using a simple
discrete-orientation model, we obtain an approximate expression for the nonadditivity correction that reproduces
correct behavior in wealand strong coupling limits and is sufficiently accurate for practical calculations
over a wide range of interaction strengths including those characteristic of aqueous protein solutions.

I. Introduction by numerical methods such as finite differed&amultipole
expansiorf;15or boundary elemett!7-21solution of the Poisson
Prediction of solution properties and phase behavior of ionic and PoissorBoltzmann equations for the interior of the
colloids depends on a reliable description of effective potentials particles, and for the surrounding liquid phase, respectively. In
between dispersed particles. These potentials comprise severadystems with moderate interaction strengths, the procedure can
distinct contributions, the most important being van der Waals be facilitated by adopting the superposition approximagitrat
forces, Coulombic interactions, and forces from hydrophobic presumes additivity of field perturbations due to distinct
and osmotic effects:® In most theories, individual contributions  macroparticles. A useful alternative avoiding approximations
are considered as pairwise additive potentials of mean forceof the theory is provided by essentially exact computer
obtained upon integration over microscopic variables such assimulations for models with realistic configuration of colloid
the translational and orientational degrees of freedom of solventor protein charge® While detailed numerical calculations or
molecules and simple solutes surrounding the colloids. The simulations provide the most accurate description of inter-
Derjaguin-Verwey—Landau-Overbeek (DLVO) theory of col-  colloidal electrostatics, for practical application, it is also
loid stability, arguably the most widely accepted theory of desirable to examine approximate analytic methods that would
colloidal solutions, considers the intercolloidal potential between provide semiquantitative estimates of essential contributions in
approximately spherical macroparticles as a sum of dispersionthe form of compact analytic expressions. Besides the general
attraction and screened Coulomb repulsion described by theinsights they can provide, approximate analytic expressions for
linearized PoissonBoltzmann approximatiohDespite its many  the potential of mean force are of interest as input information
simplifications, the DLVO theory has provided qualitative for various liquid-state theories such as integral equatfciiis
explanations of a variety of observed phenomena such as theand for calculations of phase equilibria in protein or colloidal
roles of pH, ion adsorption, and screening by simple salts, all solutions?’-286 Most often, approximate analytic methods for
controlling the stability of the dispersici:¢ Applications of colloids with anisotropic charges consider only the leading
DLVO theory have often been proposed for approximate contributions, i.e., the chargeharge, chargedipole, and
descriptions of Coulombic effects in solutions of globular dipole—dipole interactions. Calculations of the potential of mean
proteins. The usefulness of these applications is, however,force between dipolar particles requires orientation averaging
limited by the nonuniform distribution of ionized groups on that can be performed analytically only under simplifying
protein molecules, resulting in strong dipole, quadrupole, and assumptions. Typical simplifications include (a) the assumption
higher multipole interaction%.22 These interactions render pair  of pairwise additivity of orientation-averaged chargpole and
potentials orientation-dependent and lead to notable deviationsdipole—dipole terms and (b) truncated cumulant expansion of
from the predictions of the PoisseBoltzmann equation for  the Boltzmann factor associated with the angle-dependent
spherically symmetric particles. Given a detailed charge distri- interaction. Both simplifications restrict applicability of the
bution on the macroions, the electrostatic problem can be solvedmodel to interactions small in comparison to thermal energy,
ksT.2 Because many ionized proteins carry chargpsf the
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€, the permittivity of vacuumg andu denote the charge and
Iy dipole moment on interacting particleandj, separated by the
r distancer;j, 6; is the angle between the directions of dipole
12 q) and vectorrj, ¢ = (¢i — ¢;), and 6; describes the rotation of
dipolei aroundr;; (see Figure 1). Electrostatic screening due to
the presence of a simple electrolyte is absorbed in functions

) Sd(rij.«), approximately describ&tby the following expressions:

Figure 1. Schematic representation of interacting particles. e <=0y

Sy ) = @
probabilities of these terms can become strongly correlated with : 14 ko 2
increasing strength of interactions. As a consequence, pairwise 2
additivity of distinct angle-averaged terms remains limited to
weak and moderate interaction strengths. In the present article,Sl(rij g) =
we describe a generalization of the cumulant-expansion method 3e—K(rij—aH)(1 + «r)
to the case of simultaneous chargpole and dipole-dipole 5 y (5)
interactions, which takes into account correlations between the KOj; (xoy) K0y |€p
two coupled contributions. In addition, we propose an ap- 1+ o 2+ oy + o e
proximate, discrete-orientation analytic model that avoids the
truncated expansion step and is applicable to systems with (Kri_)Z
arbitrarily strong interactions. The model provides a reasonably 9e “Cimol1 + KTy + T‘
accurate estimate of the nonadditivity correction when inter- S(ri k) =5 _ (6)

: . J . ij 2 2

actions are too strong for direct application of the third-order (/caij) Koy \€p
cumulant expansion. We test the approximate formulas by 2+ oy + 4 1+T ¢
comparison with rigorous results for weak coupling (high )
temperature) and strong co_upling (Iawlimits, and with exact gefk(nroru)(l + Krij)
numerical results for the orientational part of the configuration S(rijk) =7 : @)
. ) . A : 2 2
integral for a pair of dipolar primitive-model colloids. Electro- o1 4 (koy) I 1+K0ij p
static screening due to the simple ions, typically present in koj 4 2 |

biological systems and in many chemical processing environ- _ _ _ _
ments, is described within the Debygliickel approximation ~ Above, 1k is the Debye screening length, is the relative
(characteristic of the DLVO theory) as adagtamipolar particles permittivity of the colloid particle’s interior, andj; is the contact

and dielectrically heterogeneous systems. distance for particlesand;j.? While derived presuming Debye
Huckel screening of individual charges, egs@conform with
Il. Analysis and Methods rigorous long-range behavior of correlation functions in-ion

, , : .. dipole mixtures consideré¥®’in subsequent analyses.
The pair potential between nonuniformly charged colloidal Lo
. . . ) . If we represent the Hamiltonian of the systelh),as a sum
particles, such as proteins, includes interactions between net o . T )
. . . . . of two terms,H = Ho + V, with Ho comprising isotropic
charges, chargedipole, dipole-dipole, and higher multipole . . h )
A ) C ; interactions and perturbatiov the dipole-related terms, the
contributions. In the first approximation, we consider only . :
. - - ) . angle-averaged potential of mean foredt;), can be written
dominant terms arising from net charge and dipole interactions,
while we ignore quadrupolar and higher order effects. When
calculating thermodynamic properties of the solution, the BW(r;) = Buc(r:) —
; ; i i i i aq\ ij
orientation dependence of dipole energies prevents a direct 1 x w2
application of standard liquid theories that are designed for fluids In{— fg o fe o ¢:Oe_ﬁv(rij,(7‘i,9jy¢) sin 6, sin 6, do, do), d¢} =
with isotropic interparticle force®:26 The difficulty can be 8/ 6i=0 6, R
overcome by integrating-out the orientational degrees of freedom ,Buqq(rij) — In & Pl J’¢)IZH-I0 (8)
of interacting dipoles, a procedure leading to the potential of
mean force, which depends solely on interparticle separa-With
tion.”.81314Within the primitive model, whereby the solvent
effects are considered only through the dielectric constant of ~ “(i00;8) = Vg (r;j,01) + v,4(ry;,0) + v,,(r;;,0,,6;,0)

the medium, the relevant interactions entering the problem are .
' 9 P Here, the angular brackei$, denote the average with respect

Baq to the unperturbed Hamiltonian (devoid of angle-dependent
Bugq(ry) = a - S(rij k) 1) interactions). The particular case of an interacting charge and
e dipole, eq 2, withvg, depending on a single angl, results in
Ba; coso an analytic solution14 for the above integral:
Prour0) = — =151, @ L |
Aree BW, (rj) = —In sinhoy(ry) with
oy (ry)
B, (1rj,0,,0,,6) = . . o= ﬁq—iﬂjzsl(rij «) (9)
—Bui(2Sy(r;j k) cosb; cosb; — Sy(ry;,«) sin 6; sin 6, cosg) Aree
3
Amee I1.1. Truncated-Expansion Method. Colloidal forces often
3

represent a combination of chargeharge, chargedipole, and
Here, = 1/kgT, € is the relative permittivity of the medium,  dipole—dipole interactions. In a general scenario, integration
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10 | sinhay(r;)

PW(ry) = Buggry) — 2 ln[

ay(ry)
Zazz(rij) + O’~32(rij)
9

0.5

+... (13)

The weakness of this method, however, lies in its inability to
capture adverse correlations between chadijgole and dipole-
dipole terms present when each of the particles carries both a
net charge and a dipole.

For equally charged particles, opposing orientations are
favored by chargedipole and dipole-dipole interactions.
Coupling between the two effects is illustrated in Figure 2, which
presents the orientational correlation functi@gs6; coso,[,

] ) ) ) ) for a pair of colloidal particles with equal dipoles = u, =
F'guref Zdi agf”r;a;g’;iggrsre\;ﬁ%o?g?r&?'grﬁos ilogoégétm'é(‘;%'tai . 400D asafunction of the charge <0 < 20 &, located at the
air o = . .
Sistancesrp=2(solid), 3 (dashed), or4r?m?§otted curve), as functions centers'of both particles, for three dlffergnt center-to-center
separationsi, = 2, 3, or 4 nm. The variation dftos 6; cos

of macroion charge. Electrolyte concentration is 0.1 mol dfn L _ !
0.4, determined numerically as the weighted average

<Co0s 0, cos 0,>
[=3
o

|
o
5

-1.0
0

in eq 8 requires an expansion of the integrand using techniquesl€0s6,; cosd,} =

such as the cumulant expansiBi#2 or expansion in terms of —B(r.016,) : :

rotational invariant® recently exemplifiedf in the analysis of ‘/;J(;jj;cosei cosf e "THTsin 6, sin 6, d6; a6 de
pure dipolar interaction. A standard procedure applicable in —Bu(r.60.010) i :

systems with weak dipotedipole interactions 1, small '[;i'/;j'[‘be "sin G, sin 6, d, do; do (14)

compared to }), is based on the expansion of the Boltzmann
factor in eq 8 leading to reveals a crossover from attractive dipelipole interactions
(positivel@osf; cosO,ld) at weak chargegto effective dipole-
= Ny _ vy dipole repulsion (negativécos 6; cos 6.[4) when strong
AWIry) = Bog(ry) — In)1 wv(r“'e"el’(p)m‘o + charge-dipole forces impose an unfavorable (antiparallel)
1 .22 1 .33 dipole—dipole orientation. The angle-averaged chardipole
ﬁw v (rij'ei’ej’d’)mio éw 4 (rii’ei'ei’¢)mio+ | (10) terms,wg,(r), and the dipole-dipole-termw,,(r), can therefore
be strongly nonadditive and warrant simultaneous orientation/
For a particular type of interaction (chargdipole or dipole- averaging of the complete potentigj(rij,6;,6,¢) = vq.(ri;,6))
dipole), it is easy to show that odd-order cumulants vanish; the + Vua("ii,0i) + v.(ri;,01,6;,¢). For a pair of identical particles,
series is usually truncated beyond the third-order term giving vi(Ti.0i,0;.¢) is given by

Bv(r,0i,¢) = —ay(cosb; — cosb)) —2a, cosb; coso,; +

0le(rij) ) .
ﬁun(rij) =-— (11) agsing; sing, cosg (15)
5 ) Coefficientsou(r;j) are functions of interparticle separation given
Aw, (1) = — 201 (rij) + 0y (rij) with by eqs 9 and 12. Considering only the second cumulant, and
] 9 for identical particles, the truncated expansion procedure applied
Buu; Buu; to the potential of eq 15 suggests the pairwise sum
o, = M—IJ?'SZ(I’U,K). 3= M—IJ?'S‘;(I’U,K) (12) ) ) 5
€€t €€ Oy (ry) B 20,°(ry) + a°(ry)

pw(ry) = —2 6 9 (16)
Clearly, eq 11 captures the exact weak-coupling (high-temper-
ature) limit of the rigorous result given by eq 9. In the weak- however, the third cumulant corresponding to the potential of
coupling regime, the potential of mean force behaves as aeq 15
quadratic function of coefficients(r). At increased interaction
strer_lgths _where the two dip(_)les approach a nearly aligned uﬂvij3(rij,0i,9i,¢)m,0 = [[—ay(cos6; — cosb) —
configuration, however, there is a crossover from quadratic to . ) 3
linear dependence of the potential of mean forceoq(r). 20, €0s0; coso; + ag sing; sin; cosg] T} (17)
Equation 11 fails to predict this saturation behavior. Applicabil-
ity of the truncated cumulant expansion is therefore limited to contains a nonvanishing terr-os%0, cos 6 cos 6L,
small charges and dipoles, or strong electrostatic screening, andissociated with the coupling of chargeipole and dipole-
eq 9 must be used for accurate chardgole interactions dipole interactions. Performing the integrations, the total
between, for example, charged proteins. The dipdigole potential of mean force is approximately described by
term, on the other hand, is usually small in comparison with
1/5. Hence, the interprotein potential can be reasonably ap- ﬁw(rij) :ﬁuqq(rij) -
proximated by combining the rigorous results for pure charge alz(rij) 2(122("”) + asz(rij) 2a12(rij) ou(r;)
: ) ) ; : "
charge and chargedipole interactions with the approximate = 9 9
estimate, eq 12, for the dipetalipole term. For two identical 4
particles, this gives Alvg, + 7,17 (18)
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W, exact weak-coupling form, eq 18, when all angle-dependent
i _ H, interactions are small compared to the thermal energy, 1/
T ./ Similarly, it reproduces a correct strong-coupling limit of fully
ql = © q, aligned dipoles when either the chargdipole term or the

dipole—dipole term appreciably exceedg1For intermediate

interaction strengths, eq 20 constitutes an approximate interpola-
Figure 3. Discrete-orientation model of interacting dipoles (showing  tion formula between the two extreme regimes. At intermediate
orientationds = 62 = ¢12 = 7/2). conditions (characteristic of aqueous protein solutions), however,
a more accurate approximation can be obtained by exploiting

ith the charge-dipole/dipole-dipole coupling term bein . A )
w gedp P P uping "9 the exact result for the orientation-averaged chadjpole

20021 a(r- 35 4 3(r;—oq) contribution given by eq 9. We use eq 20 to estimate the
1 (1) 05(1y) -2 Q/AS 7512(rij,,() S,(r;jk) D% perturbation of w(r) from a hypothetical reference state
9 9(4mee,) i i comprising uncoupled chargglipole and dipole-dipole inter-
_ S actions. At conditions typical of agueous protein solutions, the
In view of eq 9, a somewhat better approximation is two distinct types of interaction are adequately described by eq
13. We therefore augment eq 13 by including the perturbation
ﬁW(rij) = ﬂqu(rij) —21In 1 Sinhal(l’ij) — term,wy(r), obtained as the difference between the approximate
al(rij) potential of mean force from eq 20 and the sum of corresponding
2a22(rij) + asz(rij) 20L12(fij) a(r;) ‘a9 charge-dipole and dipole-dipole terms:
9 9 Bw(ry) = Bugg(ry) —
When the chargedipole and dipole-dipole interactions (second 1 . 2a22(rij) + a32(rij)
and third terms on the rhs of eq 19 are of comparable strength, 2 In[—al(r-») sinhoy(ry)| — 9 + pw(ry)
ij

the mixed chargedipole/dipole-dipole contribution (the last

term on the rhs of eq 19) can be of similar magnitude (but with
opposite sign and shorter range) as the two distinct charge
dipole and dipole-dipole terms. For oppositely charged dipolar 1. 18(4+ 4 cosho, + €% + 8 cosha, + € *2cosh 2,)

particles, on the other hand, the mixed term represents an equally— 5 In
strong but attractive contribution. In typical colloidal or protein B (9 + 8 cosha, + cosh 2,)(12+ 4 cosho, + 2 cosh 221))

solutions, with particle charges of the order 10aed dipoles
of several hundred D, the interactions are often too strong | the case of extremely strong dipeldipole interactions
(compared tdsT) to make the third-order expansion useful for  (exceeding those observed in typical protein solutions), when
quantitative estimates. Equation 19 is therefore mainly applicable grientational saturation gives rise to the crossover from quadratic
at moderate interaction strength. In addition, by identifying the g |inear dependence of the dipeldipole term onas, an
lowest-order coupling term, eq 18 establishes the correct high- gnajogous procedure can be used to avoid the truncated
temperature behavior needed for validating alternative ap- expansion estimate for the dipeldipole interaction. Presuming

proximations. _ _ o ) that the reference state comprises only chaderge and
I.2. Discrete-Orientation Approximation. A rigorous charge-dipole interactions, we obtain

calculation of the potential of mean force requires solving the

wy(r;) = Wy, 06,065) — W(04,0,0) — W(0,06,05) =

configuration integral of eq 8, employing;(ri.0i,6;.¢) given _ _ 1 .

in eq 15. In the absence of an exact analytic solution of this Pwlry) = Bugg(ry) = 21n (1) sinhay(ry)| + wy(ry)
integral, and by avoiding the expansion of the Boltzmann factor

[questionable fow;(r;j,0:,0;,¢) close to (or exceeding) A}, we where

proceed by presuming that the orientation space of the two

dipoles can be discretized, with each dipole sampling only six wy(ry) = W@, 0,,05) — W(at,,0,0) (22)

principal directions:0; = 0, &, ¢; = 0, and6; = n1/2, ¢; = 0,

7l2, w, or 3/2, as illustrated in Figure 3 which shows an and

orientation with61, 6, and¢s, all at 7/2. The above discreti-

zation reduces the integral of eq 8 to a sum of 36 terms. All AW(Ty) = Bugd(ry) —

terms are of simple form because trigonometric functions for (4 + 4 cosho, + €2+ 8 cosha, + & **?cosh 2y)(a, " sinho)®
allowed orientations assume only values 0, 1,-¢t. For n 2(2+ cosha,)?

symmetry reasons, the 36 orientations correspond to only eight

different energy levels; hence the partition function contains Equation 22 provides a fair description for strongly interacting
eight independent terms. After some algebra, we arrive at thedipoles but is less accurate than eq 21 within the intermediate
following compact expression: range of interaction strengths corresponding to dipolar proteins
in dilute electrolyte solutions.

r.) =pu,(r.) —In e €
wlr, o(ry) —In{[8 -+ 8€™ + 8e ™ + 4 +
A6 % 4 D% 4 g 20t | e—2az—2<11]/36} IIl. Results and Discussion

. o We assess the accuracies of the approximate expressions
- ﬂuqq(rii) — In{[4 + 4 cosho,; + e+ discussed above by comparison with ”(Fe)f()act" results opbtained
8 cosha, + € 22 cosh 21,]/18} (20) from numerical integration of eq 8 for a broad range of macroion
charges and dipoles. Except for the simultaneous presence of
wherewd(r;) is the intercolloidal potential of mean force in the charge-dipole and dipole-dipole interactions, the numerical
discrete-orientation approximation. Equation 20 reduces to the solution of eq 8 is obtained following the procedure described
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Figure 5. Distance dependence of the intercolloidal potentials of mean
force for particles carrying charges= 2 &, and dipolegt = 200 D in

0.1 mol dn1? univalent electrolyte solution. The macroion diameter
=3 nm: exact numerical results, eq 8 (thick solid), truncated expansion,
eq 19 (thin solid), perturbation approximation, eq 21 (thick dashed
dotted), additivity approximation based on exact numerical results for
distinct charge-dipole and dipole-dipole terms (thick dashed), and
additivity approximation based on the cumulant expansion method, eq
13 (thin dashed curve).

35 45

10 *g

Figure 4. Comparison at contact, between approximate intercolloidal
potentials of mean force (excluding the chargbarge interaction),
Wa0), obtained by assuming pairwise additivity of angle-averaged
charge-dipole and dipole-dipole terms, eq 13 (upper surface), or by
simultaneous orientation-averaging according to the perturbation method
described by eq 21 (lower surface) as functions of macroion charges,
g, and dipole momentsy. The colloid diameterc = 3 nm and
electrolyte concentration is 0.1 mol df All results are divided by

the exact numerical result of eq 8, such that deviations from unity
measure the inaccuracies of the two approximations.

earlier!3In Figure 4, we present the ratiogyo)/w(c) between

the approximate potentials of mean force (excluding the charge
charge termugg) Wap(0), obtained by eq 13 or 21, and numerical
results forw(o) from eq 8. We cover situations ranging from
vanishingly small charges and dipole momenta to typical protein
chargesy ~ 10 g and dipole moments = 400 D at aqueous-
solution conditions, with ambient temperatufes 298 K, e =

€p = 78.5, and at an ionic strength for a monovalent saltsf |

0.1 mol dnt2 (close to the physiological salt concentration). 40
To include systems with relatively strong interactions, we rA]

congder wo (?ono'ds ata center-to-qenter separation eqyal tOFigure 6. Distance dependence of the intercolloidal potentials of mean
their contact distance o&(= 3.0 nm. Situations corresponding  force for particles carrying charges= 8 & and dipoleg: = 400 D in

to other contact distances or screening strengths can bep.1 mol dnt® univalent electrolyte solution. The macroion diameter
considered through implicit renormalization of dimensionless =3 nm: exact numerical results, eq 8 (thick solid), truncated cumulant
parametersy(r) from egs 9 and 12. We also note that, within ~expansion, eq 19 (thin solid), perturbation approximation, eq 21 (thick
a given parameter range, eq 13 reproduces almost quantitativel;irjeassl:‘ltesd'%?“gg){i ni‘:détr']‘g%egfi’ppggx'gﬁ'oé‘ip%?;g?pglg eté?r?]ts ”(l:mglz'cal
the pal.rWISe sum of charge_jlpol_e and qlpmedlpo'? t_e”“s dashed), and additivity approximation based on cumulant expansion
determined by exact numerical integration. Its deviation from ,,,5ach eq 13 (thin dashed curve).

unity therefore directly measures the relative error associated

with the additivity approximation. According to Figure 4, the agree quantitatively with exact numerical data. Both approxima-

a5 45 50

assumption of pairwise additivity of chargdipole and dipole-
dipole terms) leads to small deviations from the exact result at
moderate charges and dipoles (up~t&00 D for givenos and

«) where the net interaction remains beloy.JFurther increases

in colloid charges and dipoles can result in serious errors due
to nonadditivity of the dipole forces. At= 10 & andu = 400

D, the relative error exceeds 75%. To illustrate the effect of
charge-dipole and dipole-dipole correlations in the weak-

tions correctly describe the deviations from pairwise additivity
of charge-dipole and dipole-dipole terms, which, in the given
case, amount to up to 20% of the total interaction. The inclusion
of the nonadditivity correction considered in eq 19 will,
however, not prevent the breakdown of the truncated expansion
approach at conditions when interactions become comparable
to 1/5.

The results of the perturbation method, eq 21, on the other

coupling regime, Figure 5 compares total potentials of mean hand, remain close to the exact numerical results (the ratio
force from various approximate expressions and the results of way(o)/w(o) shown in Figure 4 remains relatively close to unity)
the pairwise-additivity assumption. We also include the exact at all practically relevant conditions. Unlike the truncated-
results obtained by numerical integration of eq 8 and predictions cumulant-expansion given by eq 13 or 19, this approximation
of egs 13, 19, and 21. In the weak-interaction regime, the remains applicable at strong-coupling regimes. Figure 6 further
predictions of the truncated-cumulant-expansion method, eq 19,illustrates the performance of the perturbation method at
as well as the discrete-orientation perturbation model, eq 21, relatively high dipole moments«(= 400 D, and charges} =
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Figure 7. Potentials of mean force between identical colloidal particles Figure 8. Comparison between simulated intercolloidal forces from
of diameters = 3 nm, each carrying a dipoje = 380 D, for several ref 24 and predictions of the discrete-orientation model for colloidal

values of colloid charge, as functions of the DebyeHiickel screening ~ Particles of diametes = 2 nm, chargey = 8 &, and dipolex = 0,
parameter. 380 or 490 D in 0.125 mol dn# univalent electrolyte solution. Symbols

denote simulation results. Solid curves correspond to the analytical
) ) ) estimates from eq 22. Dashed curves describe results from the HNC
8 &). The distance dependence of the approximate potential of approximation for a colloid/electrolyte mixture with direct colleid

mean force from eq 21 (dashedotted curve in Figure 6) is  colloid potentials including the orientation-averaged chaujpole and
similar to that obtained from the exact numerical solution of dipole—dipole contribution from eq 21. The units of force &d/ls,
eq 8 (thick solid curve in Figure 6). The truncated expansion Wherels is the Bjerrum length (0.714 nm).

approach, €q 19 (thin solid line in Figure 6), overestimates the gjon of protein charges and different attractive contributions;
nonadditivity correction. It is interesting to note the strong o5 of these should be included in accurate calculations.
deviations in the net potential of mean force frc_)m the_pairwise Comparisons of the results from various approximate expres-
sum of the angle-averaged chargbpole and dipole-dipole sions with numerical solutions of eq 8, presented in Figures
terms (dashed cirves in Figure 6). This feature is captured by 4—6, provide an estimate of the numerical accuracy of the
eq 21. In view of its accuracy for relatively strong interactions, approximate methods introduced in section II. In what follows,
eq 21 provides a useful approximation for analytic calculations o evaluate the consequences of some of the model simplifica-
of the phase behavior in systems containing strong dipoles and;jong introduced in the above methods. These include the
charges, e.g., solutions of ionized proteihs? replacement of discrete charge distributions on the macroion
A pertinent example demonstrates the importance of a self- by an idealized point-charge/point-dipole representation, the
consistent account of the various contributions to electrostatic application of Debye Hiickel screening of charges and dipoles,
interactions in protein solutions and related colloidal systems. and the approximate account of dielectric inhomogeneities in
In Figure 7, we present complete electrostatic potentials of meanthe solution. While we defer permittivity effeéfsto future
force (including the monopole interaction) from eq 21 for a pair studies, we assess the effect of the first two simplifications by
of identical model proteins with varying macroion chacgand a brief comparison of analytic predictions with the results of
fixed dipole moment = 380 D. The proteins are separated by recent Monte Carlo simulatioffsfor a model mimicking the
the contact distance = 3 nm. The relative permittivity of the  charge distribution of a globular protein in a simple electrolyte.
macroions:, is 4, and the salt concentration is varied from zero Simulations consideré#ithe average force for an isolated pair
to 0.5 mol dnt2 corresponding to a Debye screening parameter of macroions characterized bysaall contact distance = 2
of k ~ 0.23 AL, As implied in egs 47, the screening of  nm, each macroion carrying 10 ionic groups with net charge 8
electrostatic interactions is strongest for the monopole g, and dipolex = 0, 380 or 490 D. As shown in Figure 8, the
monopole interaction and weakest for the dipadgpole term. discrete-orientation scheme leading to eq 21 provides a fair
As a consequence, different contributions to the total interaction estimate of the magnitude and the range of the overall
can dominate at different salt concentrations. Figure 7 showsintercolloidal force despite the shortcomings of the theory.
an example where direct chargeharge repulsion represents Clearly, due to the point-charge representation of small ions
the strongest term at high dilution, while attractive dipolar implied in the Debye-Hiickel approximation, the theory cannot
interactions prevail above a threshold salt concentration. Upon capture the oscillations in the average force associated with the
a further increase in the ionic strength, the attraction reacheslayering of simple ions between adjacent macroions. A more
an extremum and then gradually decreases. The minimum inpowerful liquid-state theory that considers simple ions as an
the interprotein potential of mean force as a function of ionic independent molecular species of finite size would be needed
strength is consistent with the nonmonotonic salt effects for further improvement. To illustrate, in Figure 8 we also
observed in measurements of cloud temperatures in lysozymeinclude intercolloidal forces obtained from the hypernetted-chain
solutions3>~37 diffusion coefficients of lysozyme and con- (HNC) approximatiof®-26:45.46ysing the primitive modé? of
canavalirg”38 activity of lactoglobulin®® and association equi-  an asymmetric electrolyte augmented with the angle-averaged
libria in insulin solutions'® Clearly, other important phenomena, charge-dipole and dipole-dipole potentials between colloidal

such as van der Waals and hydrophobic interactit&hand particles from eq 21. That model accounts for the finite size of
isotropic Coulombic effect$2 observed in multivalent salts,  simple ionsg; = 0.4 nm. The calculated forces (dashed curves
can contribute to interprotein attraction, shifting the obsefvéd in Figure 8) reveal the onset of counterion layering between

extrema toward higher salt concentrations. The solution behaviorthe two macroions. The effect is, however, weaker than that
is determined by a delicate balance between Coulombic repul-found by simulation because the preaveraged chailgmle
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and dipole-dipole potentials retain the screening functions from
the Debye-Hickel approximation. Integral-equation theorie

for mixtures with strong angle-dependent interactforid

appear promising for more detailed descriptions of intercolloidal
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